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We demonstrate the existence of finite-system multicriticality in a qubit-boson model where biased
qubits collectively coupled to a single-mode bosonic field. The interplay between biases and boson-
qubit coupling produces a rich phase diagram which shows multiple superradiant phases and phase
boundaries of different orders. In particular, multiple phases become indistinguishable in appro-
priate bias configurations, which is the signature of multicriticality. A series of universality classes
characterizing these multicritical points are identified. Moreover, we present a trapped-ion realiza-
tion with the potential to explore multicritical phenomena experimentally using a small number of
ions. The results open a novel way to probe multicritical universality classes in experiments.
Quantum multicriticality, where multiple phases simul-
taneously become identical at a specific quantum critical
point, is a fascinating phenomenon as well as fundamen-
tal concept in the study of quantum phase transitions [1].
At a multicritical point, the system is governed by a new
universality class, which result in qualitatively different
critical behaviors including new scaling fields and critical
exponents [2]. Owing to this unique nature, intriguing
features and novel universality classes have been found
in various multicritical systems, including magnetic ma-
terials [3], superconductors [4], optical systems [5] and
various condensed matter systems [6–13].
Despite the novelty and significance, the investigation
of quantum multicriticality is still very limited due to
enormous challenges in experiments. To reach a high-
order critical point, multiple parameters need to be fine-
tuned precisely, e.g., accurate adjustments of composi-
tion and magnetic field are both required to access the
tricritical point in Nb1−yFe2+y [14]. This imposes a much
stricter requirement on the controllability of actual sys-
tems compared to normal critical cases [14–16]. Further-
more, while universality class plays a central role in mul-
ticritical phenomena, its exploration is even more difficult
since universal behavior emerges only when the system
size is sufficiently large, and such behavior is vulnerable
to environmental noises owing to the long preparation
time of groundstate caused by the critical slowing down.
To reveal a universality class, we need to maintain the
controllability of a large-size system while preserving uni-
versal behavior from noise effects, which is extreme diffi-
cult in realistic settings [17].
Instead of entering the large-size limit, a finite-size sys-
tem may also undergo a quantum phase transition (QPT)
if the thermodynamic limit can be reached in an alter-
native way. This is the case of the Dicke model [18–
30], which describes a bosonic mode collectively coupled
to multiple qubits. In this model, a second-order QPT
appears when the ratio of the mode frequency to the
qubit transition frequency approaches zero [31–33]. This
model can be realized in different systems ranging from
ultracold atoms [34–39] to superconducting circuits [40–
43], where some of them, e.g., trapped-ion systems, have
shown the possibility of achieving finite-system QPT due
to its excellent controllability in the required critical
regime [44–48]. For such systems, an interesting question
arise: can multicriticality be induced while maintaining
the system size small? If so, this would be highly de-
sirable since it enables the study of multicriticality in a
system with sufficient controllability and noise suppres-
sion ability due to small system size. More interestingly,
is it possible to explore universality classes through prob-
ing the critical behavior under realistic conditions?
In this Letter, we show the existence of quantum mul-
ticritical points in a finite-size qubit-boson model via
engineering qubit biases. We show that qubit biases
can introduce novel features in the phase diagram, and
multicritical points emerge in certain bias configuration.
These points can be characterized by a series of multicrit-
ical universality classes. Critical exponents and scaling
relations describing these universality classes are also ob-
tain. Finally, we consider a trapped-ion realization with
the potential to explore multicritical phenomena exper-
imentally using a small number of ions. The numerical
results show that it is possible to correctly reveal univer-
sality classes at multicritical points by non-equilibrium
universal functions even with noise effects.
Model and phase diagram.—We consider a bosonic field
coupled to qubits with staggered bias configuration (Fig.
1), characterized by the Hamiltonian (~ = 1)
H =ωa+a+
M∑
j=1
[
Ω
2
(Jz,2j−1+Jz,2j)+
ǫj
2
(Jx,2j−1−Jx,2j)
]
+
g√
2N
M∑
j=1
(Jx,2j−1 + Jx,2j)
(
a+ + a
)
, (1)
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FIG. 1. (a) A schematic illustration of the qubit-boson model
with staggered bias configuration (Eq. 1). Here a bosonic
field with frequency ω is collectively coupled to 2N qubits
(blue spheres) which are seperated into M subsets. Within
each subset, qubits are divided into two halves and each half
experiences a transverse field with the same magnitude and
opposite direction to the other. (b) The level scheme of a
qubit within the jth subset. The qubit couples to the bosonic
field with interaction strength g, and an additional bias ±ǫj/2
is presented due to the transverse field.
where a+ (a) is the creation (annihilation) operator of the
bosonic field with frequency ω. Here 2N qubits are split
into M subsets, and for each subset qubits are further
divided into two halves which are equipped with biases
with the same magnitude (ǫj for the jth subset with qubit
number 2Nj) but opposite signs. The collective spin op-
erators J2j−1 =
∑Nj
i=1 σ
(i)
j /2 and J2j =
∑Nj
i=1 σ
(Nj+i)
j /2
are composed of the Pauli operators σ
(i)
j describing the
ith qubit within the jth subset, Ω and g are the energy
spacing of qubits and qubit-boson interaction strength
respectively. In the absent of biases, the system returns
to the original Dicke model and undergoes a second-order
QPT in the ω/Ω → 0 or N → ∞ limit [31]. The
biases can be introduced in various realizations of the
Dicke model, e.g., by applying effective transverse Zee-
man fields to atoms or ions systems [49], or tuning the
persistent currents in superconducting qubits [42].
The biases can introduce important novel features in
the phase diagram. To investigate the phase structure,
we first resort to the MF approach and the ground-state
properties can be analyzed by minimizing the energy
functional per qubit (see the Supplemental Material [50]
for details)
E(z)=
z2
4g˜2
−1
4
M∑
j=1
nj(
√
(z+ ǫ˜j)
2
+1+
√
(z− ǫ˜j)2+1) (2)
where nj = Nj/N is the number fraction of the jth
subset, g˜ = 2g/
√
ωΩ and ǫ˜j = ǫj/Ω are the dimensionless
coupling strength and bias respectively, and z = 2
√
ηg˜ϕ
is the rescaled order parameter characterizing the super-
radiant transition where ϕ = 〈a〉 and η = (2NΩ)−1ω is
the frequency ratio. The superradiant QPT is marked
by a transition from normal phase (NP) (ϕ = 0) to
superradiant phase (SP) (ϕ 6= 0), and the corresponding
critical points form a manifold in the parameter space.
In this manifold, multicritical points of at most (M +2)-
FIG. 2. (a) Phase diagram in the tricritical case (M = 1).
The solid lines and dash line represent the second-order crit-
ical lines and triple line respectively. The first-order coex-
istence surfaces S0 separates two superradiant phases with
different order parameter sign, while S± separate a normal
phase and two superradiant phases respectively. (b) The
groundstate order parameter zG (left panels) and the excita-
tion energy ε (right panels) as functions of g˜ and h˜. (c) Phase
diagram in the tetracritical case (M = 2 and N1 = 3N2),
where ∆g = g˜ − g˜r(ǫ˜1, ǫ˜2) is the distance to Lλ for given ǫ˜1,2.
g˜r(ǫ˜1, ǫ˜2) is the coupling value on Lλ when ǫ˜1,2 are fixed, and
is the solution to r(g˜r, ǫ˜1, ǫ˜2) = 0 since Lλ is determined by
r = 0. (d) The groundstate order parameter |zG| for fixed ǫ˜2.
th order can arise, which can be shown by expanding
E(z) up to (2M + 4)-th order of z as E(z) = E0 +
v
(
rz2/2+
∑M
j=1 ujz
2(j+1)/(2j+2)+z2(M+2)/(2M+4)
)
.
For appropriate {nj} settings, it is possible that the
coefficients r and u1, . . . , uM vanish simultaneously
since there exists M + 1 independent parameters g˜
and {ǫ˜j}. This point is nothing but an (M + 2)-th
order critical point if it further satisfies v > 0. For
a complete description of this multicritical point,
we further introduce symmetry-breaking biases
Hns =
∑
j hj (Jx,2j−1+Jx,2j) /2 to the Hamiltonian.
The resulting energy functional Ens(z) can be expanded
as Ens (z) = E (zns)+ v
∑M+1
j=1 wjz
2j−1
ns /(2j − 1) up to
O(h˜j), where h˜j = hj/Ω and zns = z − z0 with the
constant z0 chosen to remove the z
2M+3
ns term [50]. Then
at this critical point, r, {uj} and {wj} form a complete
set of scaling variables, and the critical behavior can be
described in terms of these variables.
3The simplest M = 1 case permits the appearance
of tricritical points (TCP). Fig. 2(a) presents the ex-
tended phase diagram in the parameter space (g˜, ǫ˜, h˜)
(subscripts of ǫ˜1 and h˜1 are omitted in this case). Here
the second-order critical line Lλ turns into a triple line
Lτ where three phases coexist as the bias ǫ˜ is strong
enough, and their meeting point additionally connects
to two wing critical lines L±. The critical lines Lλ and
L± further connect to the coexistence surfaces S0 and
S± respectively. These structures are the signatures
of tricriticality [51], and the meeting point is a TCP
whose location can be determined by u = r = 0, i.e.,
(g˜T , ǫ˜T ) =
(
(5/4)3/4, 1/2
)
. The occurrence of tricritical-
ity can also be observed through the groundstate order
parameter, as shown in Fig. 2(b). Clearly, the tricriti-
cality causes a bifurcation of the first-order surfaces S0
into two wings S± ended at L±.
The next case is M = 2, which allows the existence
of tetracritical points (TeCP) where four phases become
identical simultaneously. For N1 = 3N2 case, the sys-
tem features tetracriticality as shown in Fig. 2(c, d),
which illustrates the phase diagram and the correspond-
ing order parameter zG for fixed ǫ˜2. When ǫ˜2 is small, a
new pair of SPs with opposite order parameters emerges.
These new phases indicate that the interplay between
biases and boson-qubit coupling induces different collec-
tive behaviors of qubits. Different SP pairs are separated
by a first-order quadruple line Lχ where four SPs coex-
ist, and at its endpoint the QPT turns into second-order
where the difference between two SP pairs vanishes. As
ǫ˜2 is increased to a specific value ǫ˜2,Te, this end point
will finally reach the second-order critical line Lλ deter-
mined by r = 0. After this value, the endpoint stays
on Lλ and turns into a TCP which connects to a triple
line Lτ . Thus these endpoints form a quadruple line
and a tricritical line when ǫ˜2 < ǫ˜2,Te and ǫ˜2 > ǫ˜2,Te
respectively, and at the meeting point all four SPs be-
come indistinguishable, which signifies the appearance of
tetracriticality. Its location can be determined numeri-
cally as (g˜Te, ǫ˜1,Te, ǫ˜2,Te) ≈ (1.30, 0.81, 0.15) through the
equation u1 = u2 = r = 0. For M > 2 cases, higher
order critical points are possible. For example, a pen-
tacritical point, where the NP and four SPs simultane-
ously become identical, exists at (g˜P , ǫ˜1,P , ǫ˜2,P , ǫ˜3,P ) ≈
(1.36, 0.98, 0.37, 0.17) when N1 = 4N2 = 4N3.
Critical behavior and universality.—Next we consider
the critical behavior of the ground-state order parameter
zG. At an (M+2)-th order critical point (g˜(M),
{
ǫ˜j,(M)
}
),
the system should belong to a different universality class
compared to the lower-order case and a new scaling re-
lation emerges with different critical exponents. The
critical behavior of zG can be obtained by the equa-
tion ∂Ens/∂z = 0, which leads to the scaling rela-
tion as zG = w
βw1
1 Mns,z
(
{xA}A=r,{uj},{wj}j 6=1
)
where
xA = Aw−φw1,A1 and Mns,z is the scaling function (the
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FIG. 3. (a) Fits of the critical exponents γε,w1 and γε,r
(inset of (a)) at critical points of different orders. (b) Fits of
the critical exponent δε. (c) Numerical results of the residual
qubit population η−1+γε,r/ξr 〈Jz〉r after quench as a function
of τη(1+γε,r)/ξr for different frequency ratio with noise effects
included. The black dash line is the non-equilibrium scaling
function SJz obtained in the η → 0 limit numerically.
subscript ns denotes the non-symmetry case {hj} 6= 0)
[50]. The exponent βA describes the singularity related
to the variable A near the critical point and can be cal-
culated as βr = 1/(2M + 2), βuj = 1/(2M − 2j + 2) and
βwj = 1/(2M − 2j + 5), while φA1,A2 = βA1/βA2 is the
crossover exponent [52]. This relation suggests that the
leading singularity of zG is path-dependent as moving to-
ward the multicritical point, and is given by zG ∼ {h˜βw1j }
except approaching from the direction with w1 = 0. This
is due to φw1,A < 1 for A 6= w1 and the scaling variables
behave as r ∼ δ(g,{ǫj}), uj ∼ δ({ǫj}) and wj ∼ {h˜j} near
the multicritical point, where δg = g˜ − g˜(M) and δǫj =
ǫ˜j − ǫ˜j,(M). In the symmetry case ({hj} = 0), the scaling
relation reduces to zG = |r|βrMz
({
uj |r|−φr,uj
})
when
r ≤ 0 (superradiant phases), while zG vanishes in the
r > 0 region (normal phase). The leading singularity is
zG ∼ δβr(g,{ǫj}) for all directions with r 6= 0 since φr,uj < 1
for all uj .
We now include quantum fluctuations and investigate
further critical behavior. In the ω/Ω → 0 limit, the
low-lying energy states behaves as a harmonic oscilla-
tor, and the effective Hamiltonian can be written as
Heff = εa
+a + C where ε is the excitation energy and
C is a constant [50]. This excitation energy vanishes
at second- and higher-order critical points since ε sat-
4isfies ε2 ∝ ∂2Ens/ ∂z2
∣∣
z=zG
and the r.h.s. is zero at
these critical points (the second- or higher-order nature
of these critical points ensures the vanishing of quadratic
terms in the expansions of Ens at z = zG). This
can also be demonstrated in Fig. 2(c), which shows
the closing of the energy gap near the critical lines Lλ
and L±. Furthermore, near a (M + 2)-th order critical
point, the relation between ε and ∂2Ens/∂z
2 provides
the scaling relation ε = |w1|γε,w1 Mns,ε ({xA}), where
γε,w1 = (M+1)/(2M+3) [50]. Thus the leading singular-
ity is ε ∼ {h˜γε,w1j } for directions with r 6= 0. In Fig. 3(a),
we show fits of γε,w1 which are obtained numerically, and
it converges to the analytical values as approaching the
critical point. Similarly, in the symmetry case, the scal-
ing relation reduces to ε = |r|γε,rMε
({
uj |r|−φr,uj
})
.
The leading singularity is ε ∼ rγε,r ∼ δγε,r(g,{ǫj}) for all di-
rections with r 6= 0, and an M -independent exponent
γε,r = 1/2 presents (inset of Fig. 3(a)).
The difference between these critical points can be fur-
ther revealed by considering the finite-frequency scaling,
which describes the emergence of critical behavior as η
approaches zero. The results show that at the critical
point, the excitation energy vanishes as ε ∼ ηδε where
δε = γε,r/ξr = γε,w1/ξw1 is the finite-size scaling expo-
nent, and ξr = (M+3)/(2M+2), ξw1 = (M+3)/(2M+3)
are observable-independent exponents which are specific
to the universality class (Fig. 3(b)) [50]. Apparently,
multicritical points with different orders are indeed be-
long to different universality classes with distinct scaling
fields and critical exponents. These classes are the ex-
tensions of the Dicke universality class M = 0 in the
multicritical regime.
Experimental realization.—In principal, we can con-
firm the multicritical nature of a critical point via esti-
mating critical exponents experimentally. However, this
approach is practically very difficult since it requires an
adiabatic preparation of groundstate near a critical point,
which requires significantly long time due to the van-
ishing energy gap. The coherence time is in general
much shorter than this preparation time, thus the crit-
ical behavior will be severely distorted by environmen-
tal noise. Instead, the non-equilibrium scaling function
is much robust under environmental noises due to lower
time requirement [44, 53, 54]. Therefore, we consider
a linear quench g˜(t) = g˜(M)t/τ in the symmetry case
while fixing the biases ǫ˜j = ǫ˜j,(M), where τ is the dura-
tion of quench. The system is initially prepared in the
groundstate, and we focus on the residual qubit popu-
lation 〈Jz〉r ≡
∣∣∣〈Jz〉f (η, τ)− 〈Jz〉 (η)
∣∣∣ at the end of the
quench since 〈Jz〉 can be measured with high fidelity in
the trapped-ion setup [45]. Here 〈Jz〉f (η, τ) and 〈Jz〉 (η)
denote the expectation value of Jz after quench and that
of the groundstate when t = τ respectively. When the
quench is sufficiently slow, the majority of excitations are
produced inside the critical regime and 〈Jz〉r satisfies a
scaling relation [50]
〈Jz〉r = η1−γε,r/ξrSJz
(
τη(1+γε,r)/ξr
)
, (3)
where SJz is the non-equilibrium scaling function. If
η−1+γε,r/ξr 〈Jz〉r is plotted as a function of τη(1+γε,r)/ξr ,
all data points with different η should collapse to a single
curve, which allows us to determine the order of a critical
point and reveal its universality class via ξr.
This approach is possible in experiments. For sim-
plicity, we focus on the tricritical case, and consider an
experimental realization comprised of two trapped ions
which are cooled down to their motional groundstates.
Here qubits are encoded using different electronic states
[55], while the bosonic field are the center-of-mass vi-
brational mode supported by the Coulomb repulsion and
confining potentials [56]. The qubit biases can be gen-
erated by additional near-resonant lasers [49]. Finally,
the spin-phonon coupling is induced by a pair of laser
beams with frequencies slightly detuned from the red-
and blue-sideband respectively [45, 49, 57]. In this setup,
the system can be described by an effective Hamiltonian
which has the desired form Eq. (1) with N = M = 1,
and the parameters associate with the experimental ones
as ω = (δb − δr) /2, Ω = (δb + δr) /2, g =
√
2η0Ω0 and
ǫ = Ωp [50]. Here δb (δr) is the detuning to the blue- (red-
) sidebands, Ω0 and η0 are the Rabi strength and Lamb-
Dicke parameter of the blue/red-sideband lasers respec-
tively, and Ωp is the Rabi strength of the laser which
produces staggered biases. For typical trapped-ion plat-
forms, it is possible to achieve ω = (2π) 200Hz and fre-
quency ratios 50 ≤ Ω/ω ≤ 400 [55]. To reach the tricrit-
ical point, it is necessary to realize the Rabi frequencies
9.9 ≤ Ω0/(2π) ≤ 27.9 kHz and 5.0 ≤ Ωp/(2π) ≤ 40.0 kHz
(η0 = 0.06 is considered), which are attainable in exper-
iment [55].
We now evaluate whether the scaling function can
be correctly retrieved when noise effects are taken into
account. Here we only consider phonon heating as
the main noise source since the qubit dephasing pro-
duced by the magnetic-field fluctuations can be effec-
tively suppressed via continuous dynamical decoupling
[58–60], and the qubit decay is much slower than the
phonon heating rate (∼ 1 s qubit lifetime vs. ∼ 100ms
phonon coherence time) [61]. Then the quench pro-
cess is governed by a phenomenological master equa-
tion ρ˙ = −i[H(g˜(t)), ρ] + γ (nth + 1)D[a] + γnthD [a+]
where D[A] = AρA+ − {ρ,A+A} /2, γ is the phonon-
reservoir coupling strength and nth is the mean phonon
number when the system is in equilibrium with the reser-
voir. The phonon heating rate is set to a typical value
γnth/ω = 0.05 and the effective temperature of the
reservoir is high enough such that γnth ≈ γ (nth + 1).
Fig. 3(c) shows the quench results of 〈Jz〉r with the
noise effects, where the quench time is chosen in a range
50.75 ≤ ωτ ≤ 2 (3.75 ≤ τ ≤ 10ms) which is much shorter
than the phonon coherence time. We can find that all
data points with different η collapse into a theoretical line
of SJz approximately, thus the scaling function SJz can
be faithfully retrieved under environmental noises. This
allows identification of multicritical universality classes.
Conclusion.—In conclusion, we have shown that finite-
system multicriticality can be induced by the interplay
between qubit biases and boson-qubit coupling. In cer-
tain bias configurations, multiple phases become indistin-
guishable and this relates to a high-order critical point
which resides between a multiple coexistence line and
a lower-order critical line in the phase diagram. These
points can be characterized by a series of multicriti-
cal universality classes. Moreover, we have presented a
trapped-ion realization with the potential to explore mul-
ticritical phenomena experimentally. Due to the small
system size, we are able to retain necessary controllabil-
ity and coherence under realistic conditions, thus make
it possible for experiments to reveal the multicritical uni-
versality classes through non-equilibrium universal func-
tions. Our work extends the multicriticality study to
finite-size systems, and provide a promising platform for
experimental exploration.
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